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SCOPE
This report covers the study of the application of the quasi -
Iinear!zation method of parametric differentiation as a means of obtaining
analytical and/or numerical solutions to non-linear problems in aeroacoustics
as supported by NASA Research Grant NGR 47-005-147.
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ABSTRACT
The method of parametric differentiation has been applied as a means
of obtaining solutions which describe aerodynamically generated sound
fields and which are v a l i d over an increased range of a specific parameter.
The method is shown to be useful for a particular class of aerodynamic
sound fields.
Details of applying the method of parametric differentiation to the
problem of caleu I at ing.the sound field of two rectilinear vortices rotating
about an axis between them in a compressible medium are discussed. Pressure
distribution in the far fi e l d are obtained. The results appear to be
reasonable physically and mathematically self-consistent.
The method of parametric differentiation has also been applied by
the author to the problem of calculating the aerodynamic sound generated
by a rotating cyIinder in a viscous, compressible medium. The formulation
of this problem in parametric space is given and a procedure for obtaining
a solution is outlined.
Application of the method of parametric differentiation to a particular
class of aerodynamic sound fields is suggested.
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I. INTRODUCTION
This report summarizes the research activities under grant NGR 47-005-147
with the National Aeronautics and Space Administration. The research program
has been concerned with the application of quasi-linearization techniques
to the analysis of aerodynamic-noise fields. The general objective of the
research program has been to provide a means of obtaining solutions, des-
cribing the propagation of noise generated aerodynamically, without
restriction on relevant parameters.
The development of an analytical method to obtain solutions v a l i d for
a greater range of parameters has been based upon the method of parametric
differentiation P,2]. It is important at this point to emphasize the
philosophy underlying the method of parametric differentiation. Essentially
the method of parametric differentiation is a procedure by which non-
linear equations containing parameters may be solved by reducing the non-
linear equations to an equivalent linear equation in some parameter space.
Following an outline of the method of parametric differentiation, this
report contains the results of applying this method to two models of
aerodynamic noise fields. The models are (I) the sound field of two
rectilinear vortices rotating about an axis between them in a compressible
medium and (2) the aerodynamic sound generated by a rotating cylinder.
Finally, recommendations as to future research efforts as related to the
method of parametric differentiation are included.
• II. THE METHOD OF PARAMETRIC DIFFERENTIATION
Rubbert and LandahlfJD have applied the method of parametric differ-
entiation to simplify the analysis of non-linear problems in transonic
and boundary layer flows. Jischke and Baron f_23 have applied this method
to problems in radiation gas dynamics. Essentially, the method of
parametric differentiation is a procedure by which non-linear problems
involving parameters may be solved by transforming the non-linear problem
to an equivalent linear problem in some parameter space. It is noted
that not all non-linear equations, with appropriate boundary and i n i t i a l
conditions, are transformable to an equivalent system of linear equations
by this method. The procedure is outlined below.
Suppose the non-linear governing equation and boundary conditions
are given by
N[>(x, t; a)] = 0 (I)
<|>(XB, t; a) = *B (2)
and/or
*'(XB, t; a) = *B (3)
where N is a non-linear operation, <J> Is the dependent variable, x and
t are the vector space coordinate and time respectively, a is a parameter
and the subscript B denotes the boundary. A solution Is assumed to be
of the form $Q = ^o^x» ^» ao) where CIQ is a limiting value of a. The
equivalent linear problem in x, t, a space is obtained, assuming the trans-
formation is possible, by differentiating (I), (2) and/or (3) with
respect to the parameter a. One obtains the following results:
L[h(x, t, a; <fr0)] = 0 (4)
h(xB, t, a) = h0 (5)
and/or
h'(xB, t, ct) = hg (6)
where
h(x, t, a) = $a * C7)
Whereas N is a non-linear partial or ordinary differential operator, L
is a Iinear differential operator. Once (4) - (7) are solved to obtain
h(x, t, a), the value of dependent variable at a different value of a,
<Mx, t; a0 + Aa), may be obtained by quadrature without restriction'on
the range of a. The equivalent linear system of equations has been ob-
tained at the expense of an increase in the number of independent
variables. Any "non-linearity" of the equivalent linear system of
equations is confined to (7). Obviously, the nature of the computational
3
problems depends upon L, ^Q^X» *'> Q0^ anc' ~l"ne quadrature to obtain
'Mx, t; a0 + Aa). A schematic of the procedure is illustrated in Fig. I
Note that (7) yields
dg + Aa
<Mx, t; a0 + Aa) = i|i0<x, t; a0) + / hda (8)ao
The integration indicated by (7) requi res that ^Q(X, t; OQ) be known.
The utility of the method of parametric differentiation, as a means
of obtaining analytical solutions which are v a l i d for values of a
parameter other than a l i m i t i n g value of the parameter is now considered
for certain types of sound fields generated aerodynamical Iy. Specially,
the method proposed by Obermeier and Mullen C33 is reviewed and their solu-
tion of the spinning vortices problem is extended parametrically. Also,
Lauvstad's analysis £4] of aerodynamic sound generated by a rotating
cylinder is reformulated within the framework of the method of parametric
di fferentiation.
I I I . APPLICATIONS OF THE METHOD OF PARAMETRIC DIFFERENTIATION
A. The Sound Field of Two Rectilinear Vortices Rotating about an Axis
between Them
A.I Obermeier-Muller Formulation
U t i l i z i n g the method of matched asymptotic expansions C5D,
Obermeier and Muller have reformulated the classical L i g h t h i l l approach
L~6,7] to aerodynamic sound field analysis for source and force-free
regions. V a l i d for adiabatic conditions and an i n i t i a l uniform state,
the Obermeier-Muller model includes the equations of unsteady, inviscid,
compressible f l u i d flow written with the velocity potential as the unknown.
This model identifies the appropriate inner, outer, and matching or
intermediate regions and yields a composite solution valid for the entire
sound field.
In dimensional form, the following equations summarize the results
of Obermeier and Miil ler
32 9t2 a2
v = V<J>, E = (V*).2 (9)
P =
where $ is the velocity potential, a, t, p, y> v are the speed of sound,
the time, the pressure, the ratio of specific heats and the velocity vector.
The subscript Q denotes the ambient conditions. The gradient
and Laplacian operators are represented by V and A respectively.
The boundary conditions for the inner region correspond to those
appropriate for classical incompressible, friction less, and non-heat
conducting f l u i d flow. In the outer region, the Sommerfield radiation
condition must be satisfied as well as matching inner and outer solutions.
Obermeier and Muller's nondimensional variables and inner equations
are:
A.<J> - + 2 . + V.< f> -V.
3t' 3t
where (10)
= *'*%
 Xj = 4xj, t = £t', e
To lowest order in e2, (I) becomes
A. $' = 0 ( I I )
i
The symbols $ and . represent reference values of the velocity potential
and an index denoting inner variables respectively.
On the outer scale, Obermeier and Muller's nondimensional variables
and equations are:
where (12 )
, , , o H o . £ .4 .0 U
= +'+° f Xj = rxj, t = jj t<>, e =-
To lowest order in e2 ( 12 ) becomes
( 1 3 )
The index ° denotes outer variable. We note that the above equations
describing the Obermeier and Muller formulation of a class of aerodynamically
generated sound f ie lds are va l id for any source and force-free regions.
That is, equations (10 ) - (13) are not I imi ted to the case of two recti-
linear vortices rotating about an axis between them.
A.2 Transformation to Parameter Space. Far-Field Solution.
The method of parametric differentiation is now appl ied to the
general Obermeier-Muller formulation as outlined above. Letting
,- . . _ 8<}>(x, t; e) ,. ..g(x, t; e) = —-—^—'- (14)
and differentiating (12) with respect to e, we obtain the following
Ii near equation:
(A - il-)g - 1 e^A-Vg = F
3t2 ^
and i n i t i a l conditions (15)
,- „. . 3g(x , 0; e) ,.g(x , 0; e) = -a '- = 0
'3t
where A and F are defined in Appendix A.
A.3 Spinning Vortices Source
In order to proceed with a solution of (15), the coefficients
and inhomogeneous terms must be specified. These coefficients and terms
are functions of <$>° and its derivatives and hence related to the type of
source. When the source corresponds to two rectilinear vortices rotating
about an axis between them, Obermeier and Muller have obtained an asymptotic
solution of (10) - (13):
= t+ Itan-i (- s i n ( 2 9 - t )
cos(20 - t) - (e/r°)2
(16)
~ T Y 2 ( r ° )s in(26 - t) - (—)2sin(20 - t)4
 r-0
where <j>j denotes the first order composite solution. Equation (16) de-
termines the coefficients of the terms in (15) and inhomogeneous term F
in (15). Equation (16) is equivalent to the known solution at a limiting
value of the parameter e « I.
An asymptotic analysis in parameter space of e2A-Vg/2 and F indicates
that we may neglect both the spatial damping terms and the inhomogeneous
terms of (15) for e finite and sufficiently large values of the radius.
In this l imit, ( 1 5 ) becomes:
(A - —)g = 0 ( 1 7 )
3t2
Hence a solution for g in the far field is given in terms of Hankel
functions C8D
g(x, t) = irexp[i(26 - t )3H(r ) (18)
Noting that the right side of (18) is independent of e, the expression
for <J>(x >:> I » t; s + Ae) becomes:
<J>(x » I, t; e0 + Ae) = <j>(x » I , t; e0)
(19)
+ (Ae)Trexp[i(20 '- t)]nj(r)
I
Figure 2 shows a diagram of the spinning vortices..
»
A. 3 Results: Spinning Vortices
Results of the asymptotic analysis in parameter space are that
g(x, t) is periodic in t, oscillatory and non-periodic in r and inde-
pendent of e. The result that g(x, t) is independent of e in the far
field is not a function of the number of terms generated in the inner
and outer solutions of the problem of spinning vortices in x-t space.
This independence of e in the far field of parameter space is consistent
with the fact that (17) is homogeneous. Of course, this result does not
mean that <Hx, t; eg + Ae) is independent of the number of terms generated
in the inner and outer solutions in x-t space.
The values of the velocity potential as given by (19) are listed in
Tables I - IV in the columns denoted by *D. In Tables I - IV, $. corres-D A
ponds to $(x, t; CQ) as given by (16) and $r corresponds to $(x, t; e =
w
eg + Ae), computed by u t i l i z i n g the same equation. The relevant compari-
son on each Table is that between $D and $~. The values of the velocity
D L>
potentials contained in Table I indicates that the difference between the
value predicted by the method of parametric differentiation *„ and its
base value $. increases monotonicaI Iy with increasing Ae. This result is
A
consistent with the general formulation as outlined in Section II. Inde-
pendent of Ae, the difference between $D and f^ increases with r. It is
D I/
also observed that $p is essentially independent of Ae. Within the rangeL/
of e considered, the velocity potential is expected to be dependent upon
e. Thus, the fact that $_ is quite insensitive to Ae is interpreted as an
indication on the range of validity of (16) in regard to value of e.
$R is sensitive to Ae to a grester degree than $p. If is also noted that
$P is also very insensitive to r. This degree of sensitivity to r is
likewise counter to one's physical intuition and is not consistent with
the behavior of <J>. in regard to variation in r in the far field.
A
Tables II. and III indicate the influence of the polar angle 9 and
time t respectively on the value of the velocity potentials. The results
contained in each of these tables are supportive of the trends noted in
the preceding paragraph. That is, $D appears to be reasonable while <I>
D O
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does not appear to be reasonable. In comparing Tables I and II, it is
noted that a change in Ae has a weaker influence than a corresponding
change in 0 on the value of 4>D. This observation is consistent with the
D
fact that in both tables the base value $. is computed for e = 0.01, but
different values of 6. The change in the values of the velocity poten-
tials * , $ and $„ due to a variation in time (Table I I I ) is consistent
n D L>
with (16).
The trends indicated in Table IV are essential to the justification
of using the method of parametric differentiation in this problem. Re-
call that in the far field g(x, t) is independent of e. Hence, assuming
that the asymptotic analysis is correct, a parametric dependence can only
enter through the first term on the right side of (19) and the coefficient
Ae of the second term on the right side of (19). According to the matched
asymptotic expansions analysis of Obermeier and Mu'ller to determine
$(x, t; e0), we know that values of <Kx, t; EQ) for e0 = 0(1) are incon-
sistent with the requirement e0 « I. The method of parametric differentia-
tion as applied to present problem (I) suggests an upper limit of e(= EQ)
for the validity of quantities computed using the Obermeier-Muller re-
sults and (2) utilizes the Obermeier-Muller results, for proper e range,
to generate solutions which appear plausible and consistent in an extended
range of e. As shown in Table V, if the base value $. is computed using
eO = O.I, the results for *R have the same relative insensitivities and
inconsistencies as demonstrated by $r.o
Typical pressure distributions are illustrated in Figs. 3, 4, 5, 6,
and 7. In each of these figures, PB corresponds to p/p0(x, t; e0 + Ae)
I I
as determined by the method of parametric differentiation, and PD is the
D
root mean square value of P . Also, PC corresponds to p/p0(x, t; e =
e0 + Ae) as computed from the Obermeier-Muller results, and P7 is the(_/
root mean square value of Pr.o
The transient pressure distributions, PD and P~, are periodic in t,D L •
oscillatory and non-periodic in r, and decaying amplitude in r. It is
noted that for Ae = 0.49, the value of Pp is constant (to three decimalL>
places). As is the case in the calculation of the velocity potential
<J> , the behavior of P_ with Ae is counter to expectations. The transient
o L»
behavior of PR for a range of values of 0 and t is epitomized by the
distributions of PR as illustrated in Figs. 3, 4, 5, 6, and 7. A small
variation in amplitude and a phase shift in the distribution of P0 isD
observed when comparing results for 0 = 22.5° with those for 6 = 45°.
This variation in amplitude and phase shift increases with Ae. This
dependence on 6 is primarily due to the manner in which $Q(X, ^> eo^
enter the calculations. We also note a smaller difference between PDD
and Pp as Ae becomes smaller; this, of course, is required for self-
consistency of the method of parametric differentiation.
The root mean square values of PR are periodic in f, oscillatory
and non-periodic in r, and decaying amplitude in r. The difference
between PR and Pp decreases with decreasing Ae. The incorrectness of
Pr (and Pr) for Ae = 0.49 is attributed to a breakdown of the Obermeier-L» \j
Miil ler solution for this value of e(= 0.50). In the far field it is noted
that PD is independent of 0. That is, we have a true point source as
D
suggested by the asymptotic analysis. There is a small variation in
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the amplitude of PR with the angle 6 for values of r between 10 and 40;
such values of the radius may be considered not to be in the far field.
Perhaps the most interesting feature of the pressure distributions
is that PR is quite .insensitive in Ae variations. Physically, one
expects PR to vary with changes in Ae. This result is assumed to be
peculiar to the analytics of the expression for the pressure which involves
computing the 3.5 power of various derivatives of the velocity potential.
It is noted that attempts to solve (15) by Fourier transform and
retarded potential methods were not fruitful. These classical methods .
are applicable in principle; however, due to the complicated algebra
involved in the terms e2A-Vg/2 and F, there methods are not practical.
B. The Sound Field of a Rotating Cylinder
B.I Lauvstad's Formulation
Lauvstad f_43 has investigated an infinitely long cylinder of
radius a that is oscillating sinusoidally about its axis with a constant
angular velocity U>Q. The f l u i d surrounding the cylinder is viscous and
compressible. The f l u i d motion is generated in response to the motion of
the cylinder. Applying the method of matched asymptotic expansions and
exploiting the symmetries of the problem, Lauvstad's model includes the
appropriate inner, outer and matching regions in which the corresponding
forms of the Navier-Stokes equations are solved. The f l u i d is isothermal.
In nondimensional form, Lauvstad inner equations and boundary
conditions are:
3 V 3 v v
v = exp(-iu)0t), r = a
v
r = 0, r = a; ' v = vr = 0, r = »
(22)
where
r = <U/v0)r', t = (U2 /Yo> f f» ^0 = y'/P0
p = p ' /Po, v = v /U, v. = v./U (24)r r (p (j> -
I /2p = p ' /Po - P, M = U/(p0/p0)
The dimensional radial and azimuthal components of the velocity f i e l d are
i i
v and v respectively; U is the velocity amplitude of the surface motion.
p', p1, T!, and yf denote the pressure, density, viscosity and temperature
respectively. M is the Mach number referenced by the isothermal sound
speed. The independent variables are the polar coordinater r , <J> and the
time t'.
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Expanding the inner, dependent variables in a sequence of gauge functions
C5], Lauvstad obtains a solution of the inner equations in terms of cylin-
der functions and Green's functions C^D. The solutions are:
p(r, t; M) = I + a^MJp^r, t) , 62(M)p2(r, t) +
v(r, t; M) = v0(r, t) + 61(M)v1(r, t) + ...
where
!<M) = M2,
v = 0
r0
V(j) (r) = H1C(iu0)l/2rn/H1C(iu0)l/2aD
C25)
v
ri
(r
'
 f) =
 2 9f ^  r + rP(r' f) ~ F" P(a'
= — v,3r r
v <CP(a, t) - P(r, t)>. + 2v
<PO <(>0
Q(r
'
P(r,
15
Noting that there is no solution to the inner problem that provides
\
a uniformly v a l i d representation in the time-dependent problem, Lauvstad
stretches the inner variable, t, = Mr, expands the outer dependent variables
in a sequence of gauge functions and obtains the following results in the
outer region.
p(5, t; M) = I + Ai(M)Ci(C, t) + ...
, t; M) = v^ (C, t) + A^Mh/^CC, t) + ...
Solving (26), satisfying the radiation condition at infinity, and
applying the asymptotic matching principle, Lauvstad has obtained the
following composite solution:
16
v <r, t; M) = {H1C(iu)0) l /2r3/H1[(ia)0) l /2aD}exp(-2iu)0t)
v (r, t; M) = - A1(M)2o)0AH1(2a)0Mr)exp(-i2a)0t)
_A 1 (M) = M3
A = (•j)o)0Ca2P(a, 2o>0) ~ 0(w, 2u>0)I]
P(a, 2u0) = f U2(x)x~1dxd
Q("f 2o)0) = f U2(x)xdx (27)3
r (x, t) = U(x)exp(-iu)0t)
p = I + iTruoM^CQCco, 2w0) - a2P(a, 2u0)l
x H0(2a)0Mr)exp(-i2u)ot)
B.2 Transformation to Parameter Space
The method of parametric differentiation is now applied to the
problem investigated by Lauvstad. Letting -
9v
91 = Iff' 92 = W-' 93 = (28)
and differentiating (26) with respect to M, we obtain the following system
of coup led-1inear equations:
17
. fM(ar^)gi
992
 8D 3v "
 (29)
+ M p a T + M < t + ~
99l 3v_ 3v
9C2
4- M ^
+
 ^
(30)
n+i!!r Vr,5 ac ^}
M , dvr vr 3v_
+ P 31- ~ M2
9t
 9C2 -"> 5' 3T T F IPV + r'93
a» .. - (3D
where
9i = 92 = 93 = 0 at c * Ma
(32)
9l = 92 = 93 = 0 at 5 -+ a,
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B.3 Difference Equations for Far-Field Approximation
In order to proceed with a solution of (28) - (32) the coefficients
and inhomogeneous terms must be specified. The coefficients and inhomogeneous
terms are functions of v , v and p and their derivatives. Using Lauvstad's
asymptotic solution (27) as the known solution at a limiting value of the
parameter M « I, we may evaluate the required coefficients and inhomogeneous
terms consistent with the method of parametric differentiation.
The far-field approximation to (28) - (32) has been obtained. For
finite values of the parameter M and £ sufficiently large, (29) - (31)
becomes:
99l 992 an
3pVK
_ _
7T V. _ "** f\ j. ~ ~
M 9? 8t
 M2
393
This system of coupled, linear, partial differential equations may be
combined to yield a third order, linear, partial differential equation
for g£. This equation is
3392
 2
8?2 3t2
(34)
r3p 3p 2 329 -. _Lat at * a? 35 ,2 92J
of,
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A difference approximation of (34) has been obtained in the form of an
explicit scheme. Details of this difference equation are contained in
Appendix B. Solutions of the difference equation have not been attempted
as the difference equation was obtained very near the expiration date of
the grant NCR 47-005-147, From (33) - (34), it is noted that once g2
is obtained, gj is computed by quadrature and the equation for g3 is the
classical diffusion equation with variable coefficients and source term.
After 'gi/92 and g3 are obtained by solving (33) - (34), values for
p(r » I, t; M0 + AM), v (r » I, t; M0 + AM) and v (r » I, t; M0 + AM)
are obtainable from (28) by quadrature completing the parametric differentia-
tion procedure.
20
IV. CONCLUSIONS
Two questions have been considered and partially answered before
applying the method of parametric differentiation to the class of
aerodynamic sound fields for which the Obermeier-Muller theory yields
an asymptotically valid solution. There are: (I) Are there sufficient
similarities between the Obermeier-Muller theory and linearized aero-
dynamics (subsonic-supersonic) with respect to Mac'h number or other
appropriate parameters such that the Obermeier-Muller theory may be
extended to include larger Mach numbers but s t i l l retain the basic
linearity of the flow? (2) Is it possible to extend the Obermeier-Muller
theory only by including the basic non-linearity of the gas dynamic
equations? Demonstration of a negative answer to the first question is
not sufficient to justify applying the method of parametric differentia-
tion unless this method leads to less complexity and less computational
work.
In considering the first question we note that in small perturbation
subsonic or supersonic flow, the governing equations are linear to lowest
order for an inviscid, non-heat conducting fluid. Of course, in transonic
and hypersonic small perturbation flows, linearity is not retained. In
the asymptotic theory of Obermeier and Muller we cannot, in general,
expect to retain linearity if e2 = 0(1). For such values of e, the terms
in the Obermeier-Muller formulation which contain derivatives of E
cannot be neglected on either the inner scale or outer scale. That is,
according to the Obermeier-Muller formulation, the governing equations
are non-linear for e2 = 0(1); hence, this suggests that the similarity
21
between the Obermeier-Mul ler formulation and classical small perturbation
aerodynamic flows required to extend the Obermeier-Miil ler method to
larger Mach numbers and simultaneously retain linearity does not exist.
This result is not unexpected since the troublesome non-linear terms
that appear in the Obermeier-Mu'l ler formulation may be neglected, to lowest
order, only if their coefficients are asymptotically small. These
coefficients are always some positive power of e.
Amiet and Sears C9lj have provided a partial answer to the second
question. These investigators have applied the method of matched
asymptotic expansions to obtain solutions describing the sound field
generated by aerodynamic, smaI I-perturbation subsonic flows. W h i l e
relaxing the constraint on the flow Mach number, Amiet and Sears require
the ratio of the aerodynamic body dimension to the acoustic wavelength
of the sound produced to be small. It is essential to note at this point
that the Amiet-Sears formulation is not an extension of the Obermeier-
Miiller formulation but is an excellent labor saving procedure for obtaining
solutions for aerodynamic noise of smaI I-perturbation subsonic flows.
In general, the Obermeier-Mul ler formulation is not limited to small-
perturbation flows.
This research program has been devoted to the application of the
method of parametric differentiation to two types of aerodynamically
generated noise fields. The types of aerodynamically generated noise
fields considered have been those defined by the Obermeier-Mu'l ler formula-
tion and by the Lauvstad formulation.
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The method of parametric differentiation has been shown to be a means
of extending the solutions obtainable by the asymptotic theory of Obermeier-
Miiller to larger values of the parameter e. It has been pointed out and
demonstrated by Amiet and Sears that in the special case of small-
perturbation subsonic flows, another method of extending the Obermeier-
Miiller formulation exists. In detail, the particular problem of aerodynamic
sound generated by spinning vortices has been treated. Limitations and
inconsistencies of the asymptotic solution of Obermeier and Mullen for
values of e = 0(1) have been shown. Predictions based on the method of
parametric differentiation appear to be reasonable physically and mathe-
matically self-consistent.
Lauvstad's analysis of the aerodynamic sound field generated by a
rotating cylinder has been formulated in parameter space as shown in
Section I I I , B.2. The far-field approximation of the system of coupled,
linear, partial differential equations in parameter space has been obtained.
The finite difference equation of the far-field approximation has also been
obtained, but has been solved numerically.
23
V. RECOMMENDATIONS
1. Research efforts should be continued in order to obtain solutions
v a l i d in all parameter space, including the far-field, for the two
applications discussed in Section I I I .
2. Additional trial applications should be attempted. These trial
applications should be related to practical acoustical problems.
These additional trial applications should aid in determining the
lim i t s of•applicabiIity of the method of parametric differentiation
in acoustics.
3. The method of parametric differentiation is suggested as a v a l i d
means of obtaining solutions to that class of problems defined by the
general Obermeier-Muller formulation—solutions which are val i d for
finite Mach number.
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APPENDIX A: COEFFICIENTS AND INHOMOGENEOUS TERMS OF LINEAR EQUATION
IN PARAMETER SPACE. SPINNING VORTICES
The equation for g(x, t; e) In parameter space is given by (15).
(A - —)g - i e'M-Vg = F. (15)
3t2 2
It Is useful to write F as follows:
F = 4eF + 2e3F + e2F + 2e2F^ + 2e*F. (Al
Now define the following quantities:
(H) = 28 - t (A2)
TI - YI - Y3 (A3)
T3 = Y0 - Y^ - (A4)
D2 = cos©- (e/r)2 (A5)
Dj = D| * sin2© (A6)
D3 = (e/r)2cos(§) - I , (A7)
26
= (e/r)2sin(H) (A8)
D5 = -2e2sin(R)/(r3D1) - (A9)
D6 = 2D3/D! - Y2cos(H)/4 - 2Ce/r)2cos(H) (AID)
|V<},| = CD2. + Dl/r2)l/2 CA
where Y is the Bessel function of the second king of order n. The co-
n J
efficients and inhomogeneous terms in (|5) and (Al) are:
6e2sin(fi) irT3sin(H) 2D,
r'D2
D6 4e2 2D2D3
+ 2 — C (cos (H) + ) -
16
i l'j e"{2D5 C- e2sin©(-
4
8sln(fi)
r3D2
x (D2 + cos®) -
2D
2e2
8D3sin©(D2 + cos®) 4e2sin(fi)
+ TrY2s i n (H) + - )}efl (AI2)
-2 8
= D5[-
4e2sin2(H)
+ (D2 - cos (H) )
r2D2
-D + D6[-
4D3sin®
r2D2
27
x (D2 - cos©)
.
F2 = ' |V«j,|-2{2D5(
TrY2sin(jj) 2e2sin(H)
2r2 ri
4esin(D 8e3D2sin
r5D2
2D6 4e(l -
r2
2e2cos(>
8eD2D3
r2D2
)}{2D5
x C- e2sin(H)(-
8e2
4sin(H)
+ (D2 - cos (H) ))] + 2De C2s i n (R)
e2 ( l - D!> 2D3(D2 + cos(H) TrT2sin(jj)
r2Df
6e2sin([
2r2
F3 =
16
8e2D2D3
Dg D6 4e2(Dx - I )cos<
-) - 2 — + 2 — [
r3 r2
r3D2
2D5C-
(AI3)
(AI4)
2r2
8(D2 + cos(H))sin(H)
r3D2
2e2
x (D + cos())sin(H)
2D6 Dk D3
-)] + (- 4 — + 8 —
4e2sin()
x ^  |7*ri{2D5(-
4es!n(H)
28
D6 4eCI -
+ 2 — t
r-2
8eD2D3
+ ))
P2D2
. 4esln(y) 8e2D2sIn(h)
- 1 |VO |-3{2D5C - : ——)
r5D2
D6 4eCI - Dj) COS(H) eD2D3
+ 2 — ( + 8 )}
(AI5)
r2D1 r2D2
x (2D5C- e2sin©(
•
3Pl
x (D2 - cos©))] + 2D6[2sin©(
4s In®
r2D2
x (D2 + cos©)) -
8e2
e2(l - Dj) 2D3
P^ D! r2Df
TrY2sin® . 2e2cos(j:D
2r
4e2(D2 - cos(H))sin(H) TrT,cos(H) 4esin(fl)
+
 + 1-
r3D2 8
2e2D2 4ecos© 2e2D2
x (I + - )] + 2D5C - (I + - )
P3D2
<(D2 - cos(H))(l
4e2D2 e2
)D
16 e2sin(H) 2D3 irY2sin©
—C (D2 - cos(H))sin(H) -
r2 r2Dj Of 4
-X-
D6 4es!n
2 — C
2D2D3
r2D2
2e2D, 2cosI
r2 Dl r2D2
4D2D3 2D3
(D2 - cos©) + I
D3 Df
(D2 - cos®) *
CAI6)
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2e 2 s ln ( ) 4e2D2(3 -- >
^ D| D6 4e2
s ln f f i ) ) - 2 — +2 — C
16
x (cos© +
r3 r2
)
4e2cos
.3
2
8(D2 + cos(H))sIn(H)
2e2
D6 D^
2 — (- 4 -—
8D3(D2 + cos®)sin(fi) 4e2s!n(fi)
+ irY2sln(R) + > (AI7)
D2 r2
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APPENDIX B:. DIFFERENCE EQUATION FOR FAR-FIELD APPROXIMATION IN
PARAMETER SPACE FOR LAUVSTAD'S ROTATING CYLINDER
The far-field approximation in parameter space for g2(C, t; M) is
given by (34).
. „
 o
M2p ( --- ) _ M2 (P
9C2 3t2 3t 3t
(34)
- 3P
Using the grid illustrated in Figure 8, we define the following
quantities
A(m, n) = p(m, n)
B(m, n) = TT- (m, n)
C(m, n) = 2 |S- (m, n)
(Bl )
D(m, n) = —— (m, n)
32DE(m, n) = ^. (m, n)
u(m, n) = g2(m, n)
Combi ning (15) and (Bl):
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u t + M2A(u - u . . ) - M2(Bu - Cu - Du = -E (B2)
C s ^ ^  ' ' ' ^
Using a combination of backward, forward and central differences, equating
step sizes 6? = 6t = A, and neglecting terms with coefficients A2 or A3,
we obtain the following difference equation for (B2):
0.5u(m+l , n+| ) 4- 0.5u(m-l , n+l ) - 0.5u'(m+l , n-l
- 0.5u(m-l, n-l) + M2AA(m, n)[u(m+l, n) + u(m-l, n)]
(B3)
- 4M2AA(m, n)u(m, n) + M2ACA(m, n) - fl^Ar^udn, n+l )
M2Ap\(m,
 n) + (M2A)~13u(m, n-l) = - E(m, n)
Equation (B3). is explicit.
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Table I The Influence of Ae on the Velocity Potential
e0 « 0.01, t « 1.0, 6 = 22.5a
r
50
75
100
50
75
100
50
75
too
Ae
0.14
0.14
0.14
0.28
0.28
0.28
0.49
0.49
0.49
*A
1 .08635
1.27406
2.47635
1.08635
1.27406
2.47635
1.08635
1 .27406
2.47635
*B
I.IOI 15
1.28096
2.47770
1 . 1 1 595
1.28785
2.47906
I.I 381 5
1.29819
2.48109
*C
1.23448
1.23042
1.22840
1.23165
1.22918
1.22771
1.23099
1 .22888
1.22754
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Table II The Influence of 9 on the Velocity Potential
e0 = 0.01, Ae = 0.28, t = I.0
r
50
75
100
50
75
100
9
22.5°
22.5°
22.5°
45.0°
45.0°
45.0°
*A
1.08635
1 .27406
2.47635
1 . 1 2877
1 .48755
2.25279
*B
1 . 1 1 595
1.28785
2.47906
1.21669
1.55377
2.30430
*C
1.23165
1.22918
1.22771
1 .53271
1.53610
1 . 53883
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Table III The Influence of t on the Velocity Potential
eq a 0.01, Ae = 0.28, 6 = 45°
r
50
75.0
100
50
75
100
t
1.0
1.0
1.0
10.0
10.0
10.0
*A
1 . 1 2877
1 .48755
2.25279
10.2457
10.4024
10.5484
*B
I.I 21 669
1.55377
2.30430
10.1466
10.3468
10.4818
*C
1.53271
.1.53610
1.53883
11.0547
11.0495
11.0452
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Table IV The Influence of CQ on the Velocity Potential
e0 + Ae = 0.5, t = 1.0, 6 = 45°
r
50
75
100
50
75
100
0.01
0.01
0.01
O.I
O.I
O.I
*A
1 . 1 2877
1 .48755
2.25279
1.55250
1.54472
1.54364
V
1.28263
1 .60343
2.34293
1.67810
1 .63931
1.61722
*C
1 . 53096
1.53533
1.53839
1 . 53096
1.53522
1.53839
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FIGURE CAPTIONS
Figure I Iteration Procedure
Figure 2 Spinning Vortices (Ref. 12)
Figure 3 Pressure Distribution
e0 = 0.01, Ae = 0.49, t = I.0, 9 = 22.5°, y = 7/5
Figure 4 Pressure Distribution
e0 = 0.01, Ae = 0.28, t = 1.0, 0 = 22.5°, Y = 7/5
Figure 5 Pressure Distribution
e0 = 0.01, Ae = 0.14, t = 1.0, 9 = 22.5°, y = 7/5
Figure 6 Pressure Distribution
e0 =0.01, Ae = 0.49, t = 10.0, 6 = 45°, y = 7/5
Figure 7 Pressure Distribution
e0 =0.01, Ae = 0.28, t = 1.0, 6 = 45°, y = 7/5
Figure 8 Computational Grid
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